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Q) VX, X (1)

General quantum systems Q and X coupled by a potential V(Q, X, 1).

«...lt is shown that the effect of the external systems in such a formalism
[paths integral formalism] can always be included in a general class of
functionals (influence functionals) of the coordinates of the system only ... »
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Second quantization
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Evolution equation for statistical operator p(ty)

pltr) = Ulty, tin)p(tim) Ut (ts, tin) (10)

where p(t;,) is statistical operator, describing initial state at moment ¢;,,,
Ul(ty, tin) — evolution operator.

T
U(tfa tin) = TeXP[—E Hp(7)dr]. (11)
tin
where Hfull:
f{full = I:ISys + ]:Ifield + ]:Iint (12)
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(- Holomorphic representation

Evolution equation for density matrix in holomorphic

representation [0, ax)) = |fp)) @ |okn)
The density matrix:

p(ay, O, 05, 05 t5) = (Bp, og| plts)|07, o) (13)
The kernel of evolution operator:
U(O[faef?tf‘aln? in zn) - <9f>af|U(tf> ’m)‘eznaazn> (14)

The evolution equation:

— d*al, d*0), d*ay, d*6;
* 0 / 9/ . t — / m m m m %
p(afa f af? f f) T . i T

XUy, O, tr| i, Oins tin) p( s Oimy i O 30U (0, 0t G, i tim) (15)
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Coherent states for electromagetic field

ak)|axy) = axa|okn), <@k/\‘dL\ = (o |aen,s (16)

where ay, — complex value, which describe states k mode of quantum
electromagnetic field. These states (|a)) are non-orthogonal:

1
<Oéi{/)\/|ak)\> = 5k/k5)\/)\ exp {—5 (|C¥i{/>\/‘2 + |Q{k)\’2 — 2041(*/)\/041()\)} . (17)

There is resolution of the identity operator:

> A
/lOék)\><Odk/\‘ kA = 1. (18)
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[ Holomorphic representation

Grassman states for Dirac field

6p,0|9p70> - 9p,0‘9p¢7>7 @p,a‘i);,a = (0

where 6, , — grassman variable. These states (|#)) are non-orthogonal:

(19)

— 1 /= — —
<0p/0./‘0p0-> = 5p/p50/0- eXp {_5 (ep/U/Q;/U/ + Hpo-epo- — 20p/0/0pg) } . (20)

There is resolution of the identity operator:
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LThe kernel of evolution operator as a path integral

The kernel of evolution operator

Uaf, Oy, telay, 0, tin) = /@a*(T)Qoz(T)@@(T)@G(T)X
x exp {1Sruu [a*(7), (1), 0(7),0(7)]},  (22)
where action

Spun [0 (1), a(7),0(7),0(7)] =
= Sy [0(7),0(7)] + Sy [a”(7), a(r)] + Sint [@"(7), (7). 0(7),0(7)] . (23)
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Action of fermionic field:

s [0).000) = [ (9(”0(7) DA w“)@mem) i

21

Action of bosonic field:

Sp [a (1), a(T)] = /t: (d*(T)a(T) — o (r)alr) — w(b)a*(T)a(T)> dr

Action of interaction part:

Sint [(7), (1), 0(7),0(7)] = /t fej“(g(T)ﬁ(T))(eza*(T )+ epa(T))]dr;

(24)

(26)
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Evolution of density matrix in paths integral formulation

We have
« 7 d2062n dzein dQOérm d202n %
p(afaeﬁa}a };tf) = / 10( m?emv zn?egn’ )

™ s ™ ™

xDa* (7’)3304(7')@5(7)539(7')@0/*(T)@d(T)@@l(T)CDH'(T) X
X exp {z (Sfull [ (1), a(7),0(7),0(7)] — Spun [a'*(T), 0/(7'),?(7'), 9'(7’)} ) } . (27
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LThe Feynman-Vernon influence functional

Fermionic density matrix and influence functional

p(05,0%:t1) = SPas=a,p(a}, 05,05, 0y ty) = / degdefgé(f):oe(r)@é’(7)99’(T)d9;nd9m><

xexp {1 (S416(r), 6(r)] = S0 (7). 0/(7)]) } FIO(),0(7)] (28

where F[0(7),6'(7)] is influence functional of electromagnetic field on fermionic subsystems.

2
dazndazn * 7 ’

F[@(T), o' (T)] = Spozf:oz} /@06* (T)BQ(T)QQI* (T)@a ( ) pu o p(ainv Oin, a;na Oin; tl’ﬂ«) e

xexp {1 (S 10" (7), a(P)] + Sint [0 (7), (1), 0(7),0(7)] = Sy [ (7), 0 (7)] = Sint [0 (7), 0 (7),8 (7). 0'(7)] )

In many cases, we can choose at initial moment t;,,

p(a;'knv gina Oé;n, Q:nv tin) = pf(gina agnv tin) X pb(a:n’ a;n; tin) (30)



The Feynman-Vernon Influence Functional Approach in QED

LThe Feynman-Vernon influence functional
Influence functional of electromagnetic field

2 2./
d*ay, d Vi,

™ ™

FIO).0() = [ Spayey

XUmfl(O‘}agﬁtHO‘ma‘9imtin)p(a:n70m7 7/n78'/m,7 m)Umfl(af76f7tf|a;279m7 ) (31)

where Umfl(oz},éf, tf|Qin, Oin, tin) is electromagnetic field transition amplitude from initial
state |a;,) to final state [a}) inducing by external source j:

Uini(03, 07, ¢ |Clin, Oin, tin) = / Do’ (T)Da(r) exp {Simpla’(7), a(7), z(7)]}  (32)

where Sj,, 1 [04*(7), a(T), (1), 9(7)] = Sp [a*(7), a(T)] + Simt [Oé*(T), afr), (1), 9(7)]. In
general, influence functional (26) describes the influence (action) of electromagnetic field
on fermionic field.
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I

Functional integration over electromagnetic field paths

ty T
Uingi1(05, 05, tf|ctin, Oin, tin) = exp { e 7“7l ay,, — €2 / /EHj,J[(T)E*Vj;(T/)ezw(rfT,)deT’ —
tin tin
ty ty
- zame/E“j:(T)e_W(T_ti”)dT—za?e/6*"j;(7')e_“"(tf_")d7'
tin t‘in
For multimode field without interaction between modes

(33)
k
Unnpi =[] Ui(n}l
k

(34)
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LThe Feynman-Vernon influence functional

Uinfl (a}; gfv tf|azn; ainy tzn) =

ty T
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Llnfluence functional of elect: ic field

Vacuum influence functional

For the case when initial and final states of electromagnetic field are vacuum:

) = fonl0) = exp{ ~5la* . dhlas) = Olag) = exp {~Flasi}. (30)

We define influence functional of electromagnetic vacuum

_ d*ay dza} dPoyn dal,  ~ ,

Floactoae [0(r), 0'()] = / 91 (on, Ol i) >

* * 7 * * * 7 *
Xt (ap) Uingi(af, 05, ty|tin, Oin, tin) din (tin) Gin (Cin ) Uin 1 (s, 0%, tr| i, O tin) 07 () =
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From sum over k to integral: Z = 3 5 [ dk
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. wi (T1—7") /
_zk:2ka// lZE)\&: ]]M (k, )5, (k,7")e drdr’ =
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A
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Drv(x—x',7—7")

where D*¥(x — x', 7 — 7') is photon propagator !

1V.B. Berestetskii, E.M. Lifshitz, L.P. Pitaevskii Quantum Electrodynamics
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ic field

F(vac|vac)[ (T)a 6,(7—)] = €xp

ty T
——///]M x, 7) D" (x — x', 7 — 7)j, (X, 7 )dxdx'drdr" —
4
twn tzn
ty T
~ I ///Ju x,7)D* (x —x', 7 — 7')ji, (X', 7")dxdx'drdr’" ; (38)
tzn tZ'I’L
For t; — 00, t;;, — —00 we have relativistic invariant influence functional of electromagnetic vacuum
_ , e2 ) .
Fonsan 000 =exp { == [ [ (i)D" 0 = il + ) D

2)j,(2)) d*zd*a’

(39)
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So we have effective non-local Lagrangian

£ = 9(@)(00, — m)ila) + {iule) [ DV - )jl)de (40)



Thanks for your attention!
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